About topology of saddle submanifolds  by Borisenko, A. & Rovenski, V.
Differential Geometry and its Applications 25 (2007) 220–233
www.elsevier.com/locate/difgeo
About topology of saddle submanifolds
A. Borisenko a,1, V. Rovenski b,∗,2
a Kharkov National University, Faculty of Mechanics and Mathematics, Geometry Department, Svobodi sq. 4, Kharkov, 61077, Ukraine
b Department of Mathematics, Faculty of Science and Science Education, University of Haifa, Mount Carmel, Haifa, 31905, Israel
Received 29 June 2005; received in revised form 16 November 2005
Available online 12 September 2006
Communicated by D.V. Alekseevsky
Abstract
The (k, ε)-saddle (in particular, k-saddle, i.e. ε = 0) submanifolds are defined in terms of eigenvalues of the second fundamental
form. This class extends the class of submanifolds with extrinsic curvature bounded from above, i.e.  ε2 (in particular, non-
positive) and small codimension. We study s-connectedness and (co)homology properties of compact submanifolds with ‘small’
normal curvature and saddle submanifolds in Riemannian spaces of positive (sectional or qth Ricci) curvature. The main results
are that a submanifold or the intersection of two submanifolds is s-connected under some assumption. By the way, theorems by
T. Frankel and some recent results by B. Wilking, F. Fang, S. Mendonça and X. Rong are generalized.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
T. Frankel showed that (a) two compact totally geodesic submanifolds in a Riemannian space M with positive
sectional curvature must necessarily intersect if their dimension sum is at least that of M [9], (b) the inclusion map
f :Nl→Mn of a totally geodesic submanifold in a positively curved manifold is 1-connected (see Definition 2) pro-
vided that l  n2 [10]. Kenmotsu and Xia [14] extended Frankel’s theorems to the case of positive qth Ricci curvature.
A. Borisenko [3,5] (see also V. Rovenski [17,18]) generalized Frankel’s theorems for k-saddle submanifolds Nl (i.e.,
with the weak asymptotic index νf  l−k > 0), and for submanifolds with non-positive extrinsic curvature with small
codimension. Recently, B. Wilking [22] made a remarkable discovery that for a compact manifold Ml+p of positive
sectional curvature, a compact totally geodesic submanifold Nl (if any) may capture the homotopy information, i.e.,
πi(M,N) = 0 for i  l − p + 1, and hence Nl is (l − p + 1)-connected. Since the fixed point components of an
isometry are totally geodesic submanifolds, his theorem turns to be the powerful tool in the analysis of isometry group
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s-Connectedness of submanifolds in Riemannian spaces of positive curvature
Topology \ geometry Small kn (k, ε)-saddle, Khε2 k-saddle, Kh  0
Connectedness Theorem 4; Corollary 8
Submanifold N Theorem 1(a) Theorem 1(b); Corollary 2:1) Theorem 1(c)
Submanifolds N1,N2 Theorem 2(a), Corollaries: 1, Theorem 2(b); Theorem 2(c),
3(a), 5:1), 6:1) Corollaries: 2:2), 3(b) Corollaries: 5:2), 6:2), 7
Regularity Lemma 1(a) Lemma 1(b) Lemma 1(c)
Index of γ (Theorem 3) Lemma 2(a) Lemma 2(b) Lemma 2(c)
actions on manifolds of positive sectional curvature. R. Schoen and J. Wolfson in [19] used a variant of Frankel’s
argument together with Morse theory on a space of paths for an elegant proof of homotopy connectedness theorems
for complex submanifolds of certain Kähler manifolds of non-negative holomorphic bisectional curvature.
The connectedness principle in geometry means that a submanifold or the intersection of two submanifolds is
s-connected under some assumption. The connectedness principle in the geometry of positive curvature can be viewed
as an analog of the same principle in the algebraic geometry.
F. Fang, S. Mendonça and X. Rong [8] applied the connectedness principle for positive (sectional or kth Ricci)
curvature in a more general situation which may not guarantee the existence of a totally geodesic immersion; namely,
for submanifolds f :N → M with the (strong) asymptotic index ν¯f > 0. (We remark that the strong asymptotic index
ν¯f has been defined by A. Borisenko, see [4,6].) Since ν¯f may be estimated in terms of the extrinsic curvature, they
obtained corollaries for submanifolds of non-positive extrinsic sectional curvature with small codimension.
When f is an embedding, the path space P(M,f ) (consisting of (x, γ ) such that x ∈ N , γ : [0,1] → M is a
piecewise smooth path, f (x) = (γ (0), γ (1))) was studied in 1973 by K. Grove [12] using Morse theory on Hilbert
manifolds. The critical points of the energy function on P(M,f ) are f -geodesics (that start and end perpendicularly
to the submanifold). F. Fang et al. [8] apply Morse theory to the path space using the finite-dimensional approximation
methods, and estimate the lower index bound of non-trivial critical points for energy function in the case of submani-
folds with large (strong) asymptotic index ν¯f and positive curvature of an ambient space. Then they derive the desired
connectedness properties from the various lower bounds.
First, we must point out that the index of f -geodesic is naturally expressed in terms of the weak asymptotic index
νf of the immersion f , and hence, the results in [8], containing the (strong) asymptotic index ν¯f , are directly deduced
under less restrictive condition νf  k, i.e., for saddle submanifolds. The weak asymptotic index has been defined by
A. Borisenko in [4], see also [6]. Although corollaries about intersecting of submanifolds in [8] follow from authors
results in [3–6,17], this work does not refer to these papers.
The main goals of the paper are the following results:
– s-connectedness of (k, ε)-saddle (i.e. with positive weak ε-asymptotic index) submanifolds in Riemannian spaces
of positive (sectional or qth Ricci) curvature. The results are applied to submanifolds with extrinsic curvature
bounded from above, i.e.  ε2 (resp., non-positive) and small codimension.
– s-connectedness of submanifolds with ‘small’ normal curvature kn (i.e., (0, kn)-saddle submanifolds) in Rie-
mannian spaces of positive curvature. These results are applicable in the analysis of ‘close to isometries’ group
actions on Riemannian manifolds of positive curvature.
To reduce the number of statements in the paper we collect them (theorems, corollaries, lemmas) in three cases:
(a) a submanifold with small normal curvature kn; (b) (k, ε)-saddle submanifold with small ε; (c) k-saddle submani-
fold. Note that case (c) is a particular case (ε = 0) of (b); case (a) follows from (b) (k = 0, ε = kn). For convenience,
we present the results in Table 1.
2. Main results
First we give necessary definitions. Let Mn be a Riemannian manifold with a scalar product 〈·, ·〉 on TM .
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x0⊥V . The qth Ricci curvature of M is defined using sectional curvature K as
Ricq(x0;V ) =
∑
1iq
K(x0, xi).
Definition 2. (See [8]) A map f :N → M between two manifolds is s-connected, if the induced map of homotopy
groups πi(f ) :πi(N) → πi(M) is an isomorphism for i < s and an epimorphism for i = s. If f is an embedding, this
is equivalent to saying that up to homotopy M can be obtained from f (N) by attaching cells of dimension > s.
Let fi :Ni → M (i = 1,2) be compact embedded submanifolds of a Riemannian space M . Consider nontrivial geo-
desics γ : [0,1] → M such that γ (0) ∈ N1, γ (1) ∈ N2 and γ˙ (0)⊥TN1, γ˙ (1)⊥TN2. Call them (f1, f2)-geodesics. If
N1 = N2 do not intersect or intersect transversally, then there is positive minimum of (f1, f2)-geodesics half-lengths,
denoted by rin(N1,N2;M). In the first case 2rin(N1,N2;M) is the distance between submanifolds. For example, two
great circles N1,N2 in a unit two-sphere M = S2, intersecting under angle 0 < α  π2 , have rin(N1,N2;M) = α2 .
Analogously, basing on f -geodesics for a submanifold f :N → M one can define the N -injectivity radius rin(N,M)
as minimum of half-length of geodesics that start and end orthogonally to N . It is positive for compact N .
Let Aξ :TN → TN be the second fundamental tensor of a normal ξ ∈ TN⊥, defined by 〈Aξx, y〉 = 〈h(x, y), ξ 〉
for all x, y ∈ TN , where h :TN × TN → TN⊥ is the second fundamental form of an immersion f :Nl → M .
Denote by kn = sup{|h(x, x)|: x ∈ TN, |x| = 1} the normal curvature of a submanifold f :N → M with the
second fundamental form h.
Definition 3. (See [17]) The extrinsic sectional curvature in the direction of 2-plane x∧y, where the vectors x, y ∈ TN
are orthonormal, is
Kh(x, y) =
〈
h(x, x),h(y, y)
〉− h2(x, y).
The k-saddle submanifolds were first defined by S. Shefel’ [20]. A. Borisenko called a submanifold f :Nl → M
to be k-saddle, if Aξ (ξ = 0) has at most k nonzero eigenvalues of the same sign.
Definition 4. [18] A submanifold f :N → M is (k, ε)-saddle if for each unit normal ξ the second fundamental tensor
Aξ has at most k nonzero eigenvalues of absolute value  ε and of the same sign.
A (k,0)-saddle submanifold f :N → M is k-saddle (see Section 5), and a (0, ε)-saddle submanifold obeys
|h(x, x)| ε for all unit vectors x ∈ TN .
Theorem 1 (Connectedness—embedded submanifold). Let f :Nl → Ml+p be a compact embedded submanifold with
the codimension p  l − k − q + 1 in a compact Riemannian space with curvature Ricq  qK > 0. Let one of the
properties (a), (b), (c) is satisfied:
(a) k = 0 and the normal curvature kn of Nl obeys the inequality
(1)kn <Krin(N;M);
(b) N is (k, ε)-saddle with
(2)ε <Krin(N;M);
(c) N is k-saddle.
Then the inclusion f is s-connected with
s =
{
l − p − q + 2 in case (a),
l − p − 2k − q + 2 in cases (b), (c).
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qK > 0, and fi :Nlii → M (i = 1,2) are two compact embedded submanifolds and the codimensions pi = dimM − li
obey the inequality (l1 − p1)+ (l2 − p2) 2(k1 + k2 + q − 1). If one of the properties (a), (b) or (c) is satisfied:
(a) k1 = k2 = 0 and the normal curvatures kni of Nlii obey the inequality
(3)kn1 + kn2 < 2Krin(N1,N2;M);
(b) Ni are (ki, εi)-saddle and
(4)ε1 + ε2 < 2Krin(N1,N2;M);
(c) Ni are ki -saddle,
then the intersection N1 ∩ N2 is a nonempty set; moreover, if they intersect transversally and say, (a) l1  l2, (b), (c)
k1  k2, the inclusion N1 ∩N2 → N2 is s-connected with
s =
{ 1
2 [(l1 − p1)+ (l2 − p2)] − q + 1 in case (a),
1
2 [(l1p1)+ (l2 − p2)] − k1 − k2 − q + 1 in cases (b), (c).
Corollary 1 (Generalized Frankel’s theorem). Let Mn be a compact Riemannian space with curvature Ricq 
qK > 0, and fi :Nlii → M (i = 1,2) are two compact embedded submanifolds. If l1 + l2  n + q − 1 and (3) are
satisfied, then the intersection N1 ∩N2 = ∅.
Remark 1. Corollary 1 directly follows from Theorem 2(a). Theorems 1, 2 in case (a) generalize results by B. Wilk-
ing [22], and in cases (b), (c) generalize results by F. Fang, S. Mendonça and X. Rong [8]. Theorem 2 is analogous to
the classical Lefschetz hyperplane section theorem and the Barth theorem when q = 1. The first part (intersecting) of
Theorem 2(c) was proved in 1981 by Borisenko [3] (for the case of qth Ricci curvature see [5,17]). It was reproved in
[8, Theorem 0.4], with more restrictive assumption concerning the strong asymptotic index and with no reference to
the works by authors.
Remark 2. One may consider totally umbilical submanifolds in cases (a) of Theorems 1, 2, replacing kn or kni
(i = 1,2) by mean curvature |H | or |Hi |, respectively. Hence, authors suppose that the results of this paper are
applicable to the problem: Classify positively curved Riemannian spaces admitting conformal and more general type
group actions. As example, we deduce (in Section 7) generalized Synge theorem for a smooth map ϕ :M → M that
is “close” to an isometry.
From Theorems 1, 2 and Lemma 4 follows corollary that generalizes Theorem 0.2 (connectedness for non-positive
extrinsic curvature) in [8]; for simplicity we omit cases of the extrinsic qth Ricci and qth scalar curvature.
Corollary 2 (Connectedness—submanifolds with bounded above extrinsic curvature). Let M be a compact Rie-
mannian space with curvature Ricq  qK > 0, and fi :Nlii → M (i = 1,2) are two compact embedded submanifolds
of the extrinsic sectional curvature Khi  ε2i with codimension p1  p2.
1) If εi < Krin(Ni;M) then the inclusion fi is (li − 3pi − q + 2)-connected.
2) If (l1 − 3p1) + (l2 − 3p2)  2(q − 1) and (4) are satisfied, then the intersection N1 ∩ N2 is a nonempty set;
moreover, if they intersect transversally, the inclusion N1 ∩ N2 → N2 is 12 [(l1 − 3p1) + (l2 − 3p2) − 2(q − 1)]-
connected.
Definition 5. [14] Let M be a Kähler manifold, V = {x1, J x1, . . . , xq, Jxq} ⊂ TmM orthonormal system of 2q vectors
at m ∈ M and a unit vector x0⊥V . The q-bisectional curvature Hq(x0;V ) of M is defined using bisectional curvature
H(x0, xi) = R(x0, J x0, xi, J xi) as Hq(x0;V ) = ∑1iq H(x0, xi). By Bianchi’s identity, we know H(x0, xi) =
R(x0, xi, x0, xi)+R(x0, J xi, x0, J xi).
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submanifolds of Kähler manifold with positive q-bisectional curvature.
Corollary 3 (Connectedness—submanifolds in Kähler manifold). Let N2l11 be a compact complex analytic subman-
ifold and Nl22 , l2  2l1, be submanifold in a complete connected Kähler manifold M2n with q-bisectional curvature
Hq(M) qK > 0. Let l1 + l2  2n+ k + q − 1 and one of the properties is satisfied:
(a) k = 0 and kn2 <Krin(N1,N2;M);
(b) N2 is (k, ε)-saddle and ε <Krin(N1,N2;M);
(c) N2 is k-saddle.
Then the intersection N1 ∩N2 is a nonempty set; moreover, if they intersect transversally, the inclusion N1 ∩N2 → N1
is s-connected with
s =
{
l1 + l2 − 2n− q + 1 in case (a),
l1 + l2 − 2n− k − q + 1 in cases (b), (c).
By the following lemma the condition ‘embedded’ in Theorems 1, 2 and Corollaries 2, 3 can be replaced by
‘immersed’ when M is a simply connected space.
Lemma 1 (Regularity—immersion). Let f :Nl → Ml+p be a compact immersed submanifold of codimension p 
l − 2k − q in a compact simply connected Riemannian space of curvature Ricq  qK > 0. If one of the properties is
satisfied:
(a) k = 0 and (1);
(b) N is (k, ε)-saddle with (2);
(c) N is k-saddle,
then f is an embedding.
Remark 3. Lemma 1, see proof in Section 7, generalizes results by F. Fang, S. Mendonça and X. Rong [8]. It does not
hold if M is not simply connected (e.g. the composition of the inclusion with the regular covering f :S3 → RP 3 ⊂
RP 5 is a totally geodesic immersion but not an embedding [8]). The condition p  l − q , i.e. 2l  n + q is optimal
for n = 2; on a 3-axial ellipsoids M2 there are many closed geodesics γ that have self-intersections. Hence, on a
(q−1)-dimensional product M2 ×Rq−1 of positive qth Ricci curvature there are many totally geodesics submanifolds
{γ } × Rq−1 of dimension q that have self-intersections, i.e., 2l = 2q = (q + 1)+ q − 1 = n+ q − 1.
3. Morse theory for submanifolds
Before proving the main results we remind necessary topological facts.
A piecewise smooth path in a connected complete Riemannian space M is a map γ : [0,1] → M such that there is
a subdivision 0 = t0 < · · · < tk = 1 for which γ|[ti−1,ti ] are smooth. Denote by P(M) the space of piecewise smooth
paths in M equipped the metric topology with the metric
(γ0, γ1) =
( 1∫
0
(∣∣γ˙0(t)∣∣− ∣∣γ˙1(t)∣∣)2 dt
)1/2
+ max
0t1
{
dM
(
γ0(t), γ1(t)
)
: γ0, γ1 ∈ P(M)
}
.
The projection map, p :P(M) → M × M by p(γ ) = (γ (0), γ (1)), defines the Serre fibration with fiber Ω(M), the
loop space of M with fixed base point, Ω(M) → P(M) → M × M . The Morse theory on path space P(M) with
various boundary conditions has been developed by J. Milnor [15].
Let N be a manifold and f :N → M × M be any smooth map. The path space P(M,f ) ⊂ N × P(M) consists
of (x, γ ) such that x ∈ N , γ : [0,1] → M is a piecewise smooth path, f (x) = (γ (0), γ (1)), and is equipped with
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1
2
∫ 1
0 |γ˙ (t)|2 dt [7,8,19,22]. They use the finite-dimensional approximation methods to reduce to Morse theory in
finite dimension. Some authors denote P(M,f ) by ΩNM , or by ΩN1N2M when f = (f1, f2) and fi :Ni → M . The
tangent space T(x,γ )P (M,f ) of P(M,f ) at (x, γ ) is defined as the vector space of piecewise smooth vector fields
y(t) along γ such that (y(0), y(1)) ∈ f∗(TxN). Since f is an immersion, the tangent space can be identified as the
space of vectors (y(0), y(1)). If γ is a critical point (f -geodesic for short) of E, then
1) γ is a smooth geodesic with |γ˙ | = L(γ );
2) (γ˙ (0),−γ˙ (1)) is perpendicular to f∗(TxN) at f (x) = (γ (0), γ (1)).
Note that for N = N1 × N2 and f = f1 × f2, where fi :Ni → M , the critical point of E is a smooth geodesic
orthogonal to N1 and N2 at its end points.
If y is a parallel vector field along γ , then the Hessian of E satisfies
(5)1
2
E∗∗(y, y) =
〈
h
(
f∗(v), f∗(v)
)
,
(−γ˙ (0), γ˙ (1))〉−
1∫
0
〈
R(γ˙ , y)y, γ˙
〉
dt,
where the vector v ∈ TxN is determined by f∗(v) = (y(0), y(1)), and h is the second fundamental form of an im-
mersion f :N → M × M . In case of f = f1 × f2, where fi :Ni → M are embeddings with the second fundamental
forms hi , we obtain
1
2
E∗∗(y, y) =
〈
h2
(
y(1), y(1)
)
, γ˙ (1)
〉− 〈h1(y(0), y(0)), γ˙ (0)〉−
1∫
0
〈
R(γ˙ , y)y, γ˙
〉
dt.
The index of E at (x, γ ) is the maximal dimension of a subspace on which E∗∗ is negative definite.
Proposition 1. [7] Let X be a finite-dimensional smooth manifold and let f :X → R be a real function with minimal
value zero. Suppose that for any a the sublevel set Xa = f−1([0, a]) is compact. Assume that the set X0 of minimal
points has a neighborhood U with a deformation retraction r :U → X0, and that all nontrivial critical points have
indices greater than λ0  0. Then X has the homotopy type of a CW-complex by attaching cells of dimensions at least
λ0 + 1 to X0. In particular, πj (X,X0) = 0 for 0 j  λ0.
Let Ωc denote the closed set E−1([0, c]) of Ω = ΩN1N2M . If every non-trivial critical point of E on Ω has index
λ > λ0  0, then N1 ∩N2 = ∅ (since otherwise there exists a non-trivial minimizing geodesic from N1 to N2 and the
index of such a geodesic must be zero), and thus the space Ω0 of minimal (i.e., trivial) geodesics can be identified
with the subspace N1 ∩ N2 ⊂ Ω . If compact embedded submanifolds N1, N2 of M intersect transversally then Ω0
has a neighborhood U with a rectaction r :U → Ω0. This fact and Proposition 1 is used in the proof of the following
corollary.
Corollary 4. [19] Let compact embedded submanifolds N1, N2 of M , intersect transversally, and every non-trivial
critical point γ (i.e. γ is not a point) of E on Ω = ΩN1,N2M has index Iγ > λ0  0. Then the relative homotopy
groups πj (Ω,Ω0) = 0 for 0 j  λ0.
We will estimate indices Iγ in the case when M has positive curvature.
Lemma 2. Let Mn be a compact manifold with Ricq  qK > 0, and fi :Nlii → M (i = 1,2) be compact embeddings
that intersect transversally and satisfy one of the conditions (a), (b) or (c):
(a) kn1 + kn2 < 2Krin(N1,N2;M);
(b) Ni are (ki, ε)-saddle with ε1 + ε2 < 2Krin(N1,N2;M);
(c) Ni are ki -saddle.
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Iγ 
{
l1 + l2 − n− q + 2 in case (a),
(l1 − k1)+ (l2 − k2)− n− q + 2 in cases (b), (c).
Proof of Lemma 2. (a) We can assume l1 + l2 − n  q − 1 since otherwise there is nothing to prove. Let γ (t)
(t ∈ [0,1]) be non-trivial (f1, f2)-geodesic between the points mi ∈ Ni , its length L rin(N1,N2;M). There are at
least l1 + l2 − n + 1 q > 0 orthonormal normal parallel vector fields Xi(t) along γ that start and end tangentially
to Ni at unit vectors Xi(0) ∈ Tm1N1 and Xi(1) ∈ Tm2N2. They span a linear subspace V . Take q of these vector
fields, say, X1, . . . ,Xq . By condition on hi and qth Ricci curvature, the sum of second derivatives of energy in these
Xi(t)-variations is negative
(6)1
2
q∑
i=1
E∗∗(Xi,Xi) qL(kn1 + kn2)− qKL2  qL
[
kn1 + kn2 − 2Krin(N1,N2;M)
]
< 0.
By Proposition 2, the index of γ is at least dimV − q + 1 = l1 + l2 − n− q + 2.
(b) follows from Lemmas 2, 3; proof is similar to (a) but (6) is replaced by
1
2
q∑
i=1
E∗∗(Xi,Xi) qL(ε1 + ε2)− qKL2qL
[
ε1 + ε2 − 2Krin(N1,N2;M)
]
< 0.
(c) follows from (b), e.g. ε = 0. 
Proposition 2. [7] Let V be a j -dimensional real linear space with an inner product 〈·, ·〉. Let I (·, ·) be a symmetric
bilinear form on V . Fix q ∈ [1, j ]. Assume that for all orthonormal vectors e1, . . . , eq we have ∑qi=1 I (ei, ei) < 0.
Then the index λ of I satisfies λ j − q + 1.
4. Proofs of Theorems 1, 2 and Corollaries 2, 3
Proof of Theorem 1. We use the same setup as in [22], proof of Theorem 2.1(a). Recall that (a), (c) follow from (b),
e.g. k = 0, ε = kn and ε = 0, resp.
(b) The critical points of the energy E :ΩNM → R are f -geodesics, i.e., the geodesics γ of the length L 
2rin(N,M) that start and end perpendicularly to N . The key is estimate of the index of non-trivial f -geodesic γ
with γ (0) = m1, γ (1) = m2. The energy function E is a Morse–Bott function in a neighborhood of E−1(0) = N .
We can estimate the index of such γ from below as follows. Since, by Lemma 3 below, the weak ε-asymptotic index
νf,ε  l − k, there are at least 2νf,ε − (l + p − 1)  l − p − 2k + 1 > 0 orthonormal normal parallel vector fields
Xi(t) along γ that start and end tangentially to N at unit vectors Xi(0) ∈ Tm1N , Xi(1) ∈ Tm2N with ‘small’ normal
curvature: |h(Xi(0),Xi(0))| ε, |h(Xi(1),Xi(1))| ε. Take q of them, say, X1, . . . ,Xq . By condition on h and qth
Ricci curvature, the sum of second derivatives of energy in these Xi(t)-variations is negative
1
2
q∑
i=1
E∗∗(Xi,Xi) 2qLε − qKL2  2qL
[
ε −Krin(N,M)
]
< 0.
By Proposition 2, the index of γ is at least l − p − 2k − q + 2.
Notice that E is a Morse–Bott function in a neighborhood of E−1(0). It is then well known that one can find
a Morse–Bott function E′ on ΩNM (or more precisely on a finite-dimensional approximation of E−1([0,C])) that
is C∞-close to E such that E′ = E in a neighborhood of E−1(0) and any critical point m ∈ ΩNM \ N of E′ is
non-degenerate and has index  l − p − 2k − q + 2. By the usual Morse theory argument it follows that up to
homotopy ΩNM can be obtained from N by attaching cells of dimension  l − p − 2k − q + 2. It follows that
the inclusion f :N → ΩNM is (l − p − 2k − q + 1)-connected. Let Di be the closed disk with boundary ∂Di .
Any map ϕ : (Di, ∂Di) → (M,N) induces naturally a map ϕ˜ : (Di−1, ∂Di−1) → (ΩNM,N), and vice versa. Hence
the relative homotopy group πi(M,N) satisfies πi(M,N) ≡ πi−1(ΩNM,N). Consequently, πi(M,N) = 0, 1 i 
l − p − 2k − q + 2. By the exact homotopy sequence for a pair it follows that the inclusion map f :N → M is
(l − p − 2k − q + 2)-connected. 
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follow from (b), e.g. k = 0, ε = kn and ε = 0.
(b) Consider the space ΩN1,N2M of all paths starting in N1 and ending in N2. Again it is not hard to check that
the energy function E is a Morse–Bott function in a neighborhood of E−1(0) = N1 ∩N2. Similarly as in the proof of
Theorem 1, we can estimate the index of any non-trivial (f1, f2)-geodesic γ from below by 12 [(l1 −p1)+ (l2 −p2)]−
k1 − k2 −q +2. Namely, the length L(γ ) 2rin(N1,N2;M). Since, by Lemma 3 below, the weak ε-asymptotic index
νfi ,εi  li − ki (i = 1,2), there are at least νf1,ε1 + νf2,ε2 − ( l1+p12 + l2+p22 − 1) 12 [(l1 − p1) + (l2 − p2)] − k1 −
k2 + 1 > 0 orthonormal normal parallel vector fields Xi(t) along γ that start and end tangentially to Ni at unit vectors
Xi(0) ∈ Tm1N1 and Xi(1) ∈ Tm2N2 with ‘small’ normal curvature: |h1(Xi(0),Xi(0))| ε1, |h2(Xi(1),Xi(1))| ε2.
Take q of them, say, X1, . . . ,Xq . By condition on hi and qth Ricci curvature, the sum of second derivatives of energy
in these Xi(t)-variations is negative
1
2
q∑
i=1
E∗∗(Xi,Xi) qL(ε1 + ε2)− qKL2  qL
[
ε1 + ε2 − 2Krin(N1,N2;M)
]
< 0.
By Proposition 2, the index of γ is at least 12 [(l1 −p1)+ (l2 −p2)]−k1 −k2 −q+2. We use Morse theory to conclude
that the inclusion N1 ∩N2 → ΩN1,N2M is 12 [(l1 −p1)+ (l2 −p2)]− k1 − k2 − q + 1 connected. Notice that the space
ΩN1,N2M fibers over N1 ×N2 with homotopy fiber being the based loop space of M [22]. We also consider the space
ΩM,N2M of all paths starting in M and ending in N2. Since the inclusion f1 :N1 → M is (l1 − p1 − 2k1 − q + 2)-
connected by Theorem 1, it follows that the inclusion ΩN1,N2M → ΩM,N2M is (l1 − p1 − 2k1 − q + 2)-connected.
Combining the two statements for the inclusions N1 ∩ N2 → ΩN1,N2M → ΩM,N2M , since l1  l2 we find that the
inclusion N1 ∩N2 → ΩM,N2M is 12 [(l1 −p1)+(l2 −p2)]−k1 −k2 −q+1 connected. Clearly ΩM,N2M is canonically
homotopy equivalent to N2, and thus the result follows. 
Proof of Corollary 2. It follows from Theorem 2 in view of Lemma 4. 
Proof of Corollary 3. (a) Let γ (t) (t ∈ [0,1]) be non-trivial (f1, f2)-geodesic between the points mi ∈ Ni , its length
L rin(N1,N2;M). Take an orthonormal basis {x1, J x1, . . . , xl1 , J xl1} of Tm1Nm1 . Since N1 is a Kähler submanifold,
we have h1(xi, xi) + h1(Jxi, Jxi) = 0. Parallel translating them along γ gives rise to 2l1 orthonormal vector fields
{X1, JX1, . . . ,Xl1, JXl1} along the geodesic. From the condition 2l1 + l2  2n + l1 + q − 1 we obtain that at least
2l1 + l2 − 2n + 1  l1 + q of these vector fields are tangent to N2 at m2. Thus there exist some indices i1 = · · · =
ij ∈ [1, l1], where j = l1 + l2 − 2n + 1  q , such that {Xi1, JXi1, . . . ,Xij , JXij } are tangent to N2 at m2. By use
the 2nd variation of the energy E of γ along any q pairs of above vectors, say, {Xi1, JXi1, . . . ,Xiq , JXiq }, and the
assumption on curvature, we obtain
I (Xi,Xi) = 12
q∑
i=1
[
E∗∗(Xi,Xi)+E∗∗(JXi, JXi)
]
 2qLkn − 2qKL2
 2qL
[
kn −Krin(N1,N2;M)
]
< 0.
By Proposition 2, the index of γ is at least j − q + 1 = l1 + l2 − 2n − q + 2. Hence, as above we conclude that the
inclusion N1 ∩N2 → N1 is (l1 + l2 − 2n− q + 1)-connected.
(b) Follows from Lemma 3 and the method of proof of (a). Case (c) follows from (b), see also Theorem 3
in [17]. 
5. Topology of saddle submanifolds
The weak asymptotic index of an immersion f :Nl → M is νf = minξ =0 νf (ξ), where the asymptotic index νf (ξ)
of a normal ξ = 0 is the maximal dimension of the asymptotic subspaces of Aξ [3,4]. A subspace V0(ξ) ⊂ TN is
asymptotic relative to nonzero normal ξ if Aξ(x, x) = 0 for all vectors x ∈ V0(ξ). The strong asymptotic index of
f is ν¯f = minm∈N ν¯f (m), where ν¯f (m) is the maximal dimension of a subspace V ⊂ TmN such that {h(x, x) =
0: x ∈ V }. Submanifolds with νf  k (resp., ν¯f  k) (strong) k-asymptotic, due to Borisenko. It follows from [3] that
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with non-degenerate second fundamental form, may satisfy ν¯f > 0 or νf > 0.
First, we generalize above definitions.
Definition 6. [18] Let f :Nl → M be an immersion. A subspace Vε(ξ) ⊂ TN is ε-asymptotic relative to unit nor-
mal ξ if |Aξ(x, x)|  ε for all unit vectors x ∈ Vε(ξ). The ε-asymptotic index νf,ε(ξ) of a unit normal ξ is the
maximal dimension of the ε-asymptotic subspaces of Aξ . Define the weak ε-asymptotic index of f :Nl → M as
νf,ε = min|ξ |=1 νf,ε(ξ). The (strong) ε-asymptotic index of f is ν¯f,ε = minm∈N ν¯f,ε(m), where ν¯f,ε(m) is the maxi-
mal dimension of a subspace V ⊂ TmN such that {|h(x, x)| ε: x ∈ V, |x| = 1}, i.e., the normal curvature kn(V ) ε.
Clearly, ν¯f,ε = l for ε  kn.
In 1982 Borisenko proved that any k-saddle submanifold f :Nl → M has νf  l−k; and conversely, if νf  l−k,
then submanifold f :Nl → M is k-saddle. The following lemma generalizes result by Borisenko, i.e., ε = 0.
Lemma 3. [18] Any (k, ε)-saddle submanifold f :Nl → M has νf,ε  l − k. Conversely, if νf,ε  l − k, then a
submanifold Nl ⊂ M is (k, ε)-saddle.
Proof of Lemma 3. Let N be (k, ε)-saddle submanifold and ξ any unit normal (with the rank rε) at x ∈ N . The
second fundamental form of ξ in the orthonormal basis {ei} of eigenvectors has the form
F =
s∑
i=1
aix
2
i −
rε∑
j=s+1
ajx
2
j +
l−rε∑
m=1
bmx
2
m, at > ε, |bm| ε,
where k = min{s, rε − s}. Denote V1 = span{erε+1, . . . , en} a (n− rε)-dimensional subspace of TxN . There exists k-
dimensional subspace V2 ⊂ span{e1, . . . , erε } on the cone
∑s
i=1 aix2i −
∑rε
j=s+1 ajx2j = 0, see [3], Then V = V1 ⊕V2
is a (l − k)-dimensional subspace of TxN . Since
∣∣F(x)∣∣=
∣∣∣∣∣
l−rε∑
m=1
bmx
2
m
∣∣∣∣∣ ε
l−rε∑
m=1
x2m  ε
for unit vectors x ∈ V , then νf,ε  l − k.
Let νf,ε  l−k. Then for any unit normal ξ at x ∈ N there is (l−k)-dimensional ε-asymptotic subspace V ⊂ TxN .
From the variational principle for eigenvalues of a symmetric matrix follows that there are at least l − k eigenvalues
of Aξ satisfying λi −ε, and there are at least l − k eigenvalues of Aξ satisfying λi  ε. From this follows that N is
(k, ε)-saddle submanifold. 
Consider applications of Theorem 1 saddle submanifolds (i.e., with positive asymptotic index). We give some
corollaries containing (co)homology over Z.
Corollary 5. Let Ml+p be a compact Riemannian space with sectional curvature Kσ K > 0, and f :Nl → Ml+p
is a compact embedded submanifold of codimension p  l/2 − 2k with one of the following properties (a), (b), (c):
(a) k = 0 and (1);
(b) N is (k, ε)-saddle with (2);
(c) N is k-saddle.
Then the following three statements hold:
1) If M is homeomorphic to a sphere, then N is homeomorphic to a sphere.
2) If M is homeomorphic to CPn and l = 2s, then N is homological CP s .
3) If M is homeomorphic to HPn and l = 4s, then N is homological HP s .
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(l − 4k)/3 and N is homeomorphic to a sphere, then also M is homeomorphic to a sphere.
Proof of Corollary 5. For simplicity consider case (c). Case (b) is similar, and case (a) follows from (b).
1) By Theorem 1(b) (c), f is (l −p− 2k + 1)-connected. From Hurewicz theorem Hj(N) = 0 for j  l −p− 2k.
Homology and cohomology are related as
(7)rankHi(N) = rankHi(N), torsHi(N) = torsHi−1(N).
By Poincaré duality theorem Hi(N) = Hl−i (N). Taking l − p − 2k  l/2 we obtain that N is simply connected and
Hj(N) = 0 for 0 < j < l. Hence N is a homological sphere. N is homeomorphic to a sphere for l > 3 [11,21]. For
l = 3 by conditions for p we obtain k = 0 and thus N is totally geodesic with positive sectional curvature. By [13] N
is diffeomorphic to S3.
2) Since the inclusion map f is (n − p − 2k + 1)-connected, the map Hi(N) f
∗
→ Hi(M) is an isomorphism for
i  n − p − 2k, and it is injective for i = n − p − 2k + 1. From (7) and l − p − 2k  l/2 (see condition on the
codimension) follows that cohomology of a submanifold N coincides with cohomology of CP s . In the 3) case the
proof is analogous. 
Corollary 6. Let a compact simply connected Riemannian manifold Mn with the sectional curvature Kσ  K > 0
contains a compact hypersurface with one of the properties:
1) N is (1, ε)-saddle with (2);
2) N is 1-saddle.
If cohomology satisfies H 2(M) = 0 then Mn is homeomorphic to a sphere.
Proof of Corollary 6. Consider case 2). Case 1) is proved similarly. By Theorem 1 we obtain that the inclusion map
f :N → M of the hypersurface N is (n−3)-connected. Define the map ⋃ e :Hi(M) → Hi+k(M) as the composition
of the four maps
Hi(M)
f ∗→ Hi(N) → Hn−k−i (N) f∗→ Hn−k−i (M) → Hi+k(M),
where the first map is the pullback, the second map is the Poincaré duality of N , the third map is the push forward, and
the last map is the Poincaré duality of M . The second and the last maps are isomorphisms for all i. Since the inclusion
f is (n− k − l)-connected, the first map is an isomorphism for i < n− k − l, and it is injective for i = n− k − l. The
third map is an isomorphism for l < i, and surjective for i = l. In our case k = 1, l = 2. From the above and conditions
H 1(M) = Hn−1(M) = 0, H 2(M) = 0 we obtain that M is a homology sphere. Hence, see the proof of Corollary 5,
M is homeomorphic to a sphere. 
6. Submanifolds with the extrinsic curvature bounded from above
We apply main results (of Section 2) to prove s-connectedness of submanifolds with the extrinsic (sectional, qth
Ricci, qth scalar, q-dimensional) curvature bounded from above.
Definition 7. Let f :N → M be a submanifold, and V = {x1, . . . , xq} ⊂ TmN be orthonormal system of q vectors at
m ∈ N and a unit vector x0 ∈ TmN is orthogonal to V . The extrinsic qth Ricci curvature of {x0;V } and the extrinsic
qth scalar curvature of V are [17,18]
(8)Ricqh(x0;V ) =
∑
1iq
Kh(x0, xi), τ
q
h (V ) =
2
q(q − 1)
∑
1i<jq
Kh(xi, xj ).
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q-dimensional curvature of V is [2]
γ
q
h (V ) =
1
2q/2q!
∑
i,j∈Sq
εiεj
[〈
h(xi1, xj1), h(xi2 , xj2)
〉− 〈h(xi1, xj2), h(xi2 , xj1)〉]× · · ·
(9)× [〈h(xiq−1 , xjq−1), h(xiq , xjq )〉〈h(xiq−1 , xjq ), h(xiq , xjq−1)〉].
Below we omit formulations with γ qh since they are the same as for τ
q
h . A submanifold f :Nl → M of codimension
p  l with Kh(N) 0 is k-saddle with k  p, i.e., the asymptotic index obeys νf  l−p [1,4]. The following lemma
generalizes this fact.
Lemma 4. [18] A submanifold N ⊂ M of codimension p with any of the conditions Ricqh  qε2 or τqh  ε2 is (k, ε)-
saddle with k = p + q − 1 or k = p(q − 1), respectively.
Proof of Lemma 4. By Proposition 3 every subspace V ⊂ TN with the dimension dimV > k0, where k0 = p+q −1
or k0 = p(q − 1), resp., contains a unit vector x such that |h(x, x)|  ε. Hence for every unit normal ξ ∈ TN⊥ the
second fundamental tensor Aξ has at most k0 eigenvalues of value > ε or < −ε. From Definition 4 follows that N is
(k0, ε)-saddle. 
Proposition 3. [17,18] Let h :Rn × Rn → Rp be a symmetric bilinear map. Then there exist a unit vector x such that
|h(x, x)| ε if one of the conditions holds: (a) Ricqh  qε2 and p  n− q , (b) τqh  ε2 and p(q − 1) < n.
For the extrinsic curvature Kh  0 and ε = 0 Proposition 3 has been proved by Otsuki [16], see also [3] for the
extrinsic q-dimensional curvature γ qh  0. The asymptotic index of a submanifold with non-positive q-dimensional
extrinsic curvature obeys the inequality νf  l − p(q − 1) [2], hence such a submanifold in a compact simply con-
nected space of positive curvature is l − p − 2p(q − 1)+ 1 connected.
From Corollary 2 follows corollary that generalizes Theorem 0.3 in [8].
Corollary 7. Let M be a compact Riemannian space with sectional curvature Kσ K > 0, f :Nl → Ml+p a compact
embedded submanifold of the extrinsic sectional curvature Kh  ε2 with (2). If codimension p  l+26 and M is
homeomorphic to a sphere, then N is homeomorphic to a sphere. If p  l+27 and N is homeomorphic to a sphere,
then M is homeomorphic to a sphere.
Proof of Corollary 7. By Lemma 4(a) with q = 1 or (b) with q = 2 a submanifold N of the extrinsic sectional
curvature Kh  ε2 has νf,ε  l − k and is (k, ε)-saddle with k  p. By Theorem 1 we obtain that f is (l − 3p + 1)-
connected. Following [8], from p  l+26 we get l − 3p + 1  l/2, and hence N is a homotopy sphere when M
is homeomorphic to a sphere. By the Poincaré duality and Hurewicz theorem, see proof of Corollary 5(a), N is
homeomorphic to a sphere. To prove the last claim, from p  l+27 we get l − 3p + 1  (l + p)/2, and hence M is
homeomorphic to a sphere. 
7. Connectedness principle and generalized Synge theorem
The following result (given in shorten form) relates the connectedness properties of submanifolds in the product
manifold, and lower bounds for the index Iγ of critical points of the energy function.
Theorem 3. [8] Let f :N → M × M an isometric immersion between compact manifolds, and Δ ⊂ M × M the
diagonal. Assume that every non-trivial critical point (x, γ ) of E has index Iγ  λ0. Then
1) If λ0  1, then f−1(Δ) = ∅.
2) If λ0  2 and M is simply connected, then f−1(Δ) is connected.
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critical point (x, γ ) and thus its index is zero; a contradiction.
One can rewrite Theorems 1, 2 using the style of Theorem 3, and extend Theorems B and C of [8]. We don’t place
in the paper these statements for the cases (b) and (c) that can be proved using Theorem 3 and Lemma 2. For case (a)
we only give the short version.
Theorem 4. Let Mn be a compact Riemannian manifold of curvature Ricq  qK > 0, and Δ− the diagonal subman-
ifold of M ×M . Let N˜ = N1 ×N2 and f = (f1, f2) : N˜ → M ×M be an isometric immersion of a compact manifold
with (3). Then the following statements hold:
(A1) If dim N˜  n+ q − 1, then f−1(Δ) is non-empty.
(A2) If dim N˜  n+ q and M is simply connected, then f−1(Δ) is connected.
Proof of Theorem 4. (A1), (A2) follow from 1), 2) of Theorem 3 and Lemma 2. 
Remark 5. The condition ‘dim N˜  n+ q’ in (A2) is optimal for q = 1, see Theorem 2; there are two totally geodesic
spheres Ni = S2k (i = 1,2) in M = S4k (i.e., N˜ = S2k × S2k) with intersection set two points, and dim N˜ = 4k = n.
Proof of Lemma 1. (a) may be based on (A2) of Theorem 4. Namely, define f˜ = (f,f ) : N˜ = N × N → M × M .
Then
f˜−1(Δ) = {(x, x): x ∈ N}∪ {(x, y): f (x) = f (y), x = y}.
If f is not injective, then f˜−1(Δ) is not connected; a contradiction to (A2).
(b) follows from Theorem 4 where (3) should be replaced by (4), and (A2) modified as
If dim N˜  2k + n+ q and Mm is simply connected, then f−1(Δ) is connected.
To prove (c) we use (b) where (4) is not required. 
The studies of immersions f :N → M × M of Riemannian manifold into the product manifold are useful, for
instance, in view of a particular case f :M → M ×M appearing as a graph of a smooth map ϕ :M → M . The last can
be used in studies of positively curved manifolds admitting group actions that are “close” to isometries. As example,
we discuss below a generalized Synge theorem; its particular case for an isometry map see in [8].
Definition 8. For a smooth immersion f :M → M × M with the second fundamental form h denote by kn(f ) =
1
2 sup{|h(f∗(v), f∗(v))|: v ∈ TM, |v| = 1} the maximum of the normal curvature, see (5), and define f -injectivity
radius rin(f ;M) as infimum of half-lengths of all non-trivial f -geodesics.
Let ϕ :M → M be differentiable map (in particular, isometry, conformal, etc.) of a compact Riemannian manifold
M . Define a map f :M → M × M by the rule f (m) = (m,ϕ(m)). We will use the following analogous to (1)
inequality:
(10)kn(f ) < Krin(f ;M)
that is satisfied for an isometry ϕ, e.g. f is totally geodesic embedding and kn(f ) = 0. Basing on case 1) of Theorem 3,
we formulate the generalized Synge theorem as a connectedness theorem (for an isometry ϕ see [8]).
Corollary 8 (Generalized Synge Theorem). Let Mn be a compact orientable Riemannian manifold of curvature KM 
K > 0, and ϕ :M → M be a smooth map such that an embedding f :M → M × M given by f (m) = (m,ϕ(m))
satisfies to condition (10). Then ϕ has a fixed point (e.g. f−1(Δ) = ∅) under the following situations:
1) n is even and ϕ is orientation preserving;
2) n is odd and ϕ is orientation reversing.
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achieves the absolute minimal value. Let V1 be the set of parallel vector fields along and orthogonal to γ . Then
dimV1 = n − 1. Clearly, V1 can be identified with {(v(0), v(1)): v ∈ V1}. We now consider a symmetric quadratic
form on V1 defined by
(11)〈A(v), v〉= 〈h(f∗(v), f∗(v)), (−γ˙ (0), γ˙ (1))〉−
1∫
0
〈
R(γ˙ , y)y, γ˙
〉
dt,
where v = (y(0), y(1)) and 〈·, ·〉 is the metric induced from Tf (m)(M × M). In view of assumption I (m,γ ) = 0 the
form (11) is non-negative definite.
Then the Synge type argument implies that V1 ∩ f∗(TmM) = ∅. Take an unit vector v˜ from this intersection. In
view of (5) we obtain∣∣〈h(f∗(v˜), f∗(v˜)), (−γ˙ (0), γ˙ (1))〉∣∣ 2kn(f )L,
where L 2rin(f ;M) is the length of γ . On the other hand
1∫
0
〈
R(γ˙ , y)y, γ˙
〉
dt KL2  2KLrin(f ;M).
Using (10) we obtain a contradiction: 〈A(v˜), v˜〉 2L[kn(f )−Krin(f ;M)] < 0. 
Remark 6. One can extend Corollary 8 to the case when f (M) is (k, ε)-saddle submanifold with k < n/2 and
analogous to (2) condition ε <Krin(f ;M); then n in 1), 2) is replaced by n−2k. In particular, f (M) can be assumed
k-saddle.
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